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Introduction

Appell’s function Series Definition Region of convergence

F1(a, b, b
′, c;x, y) =

∞∑
m=0

∞∑
n=0

(a)m+n(b)m(b′)n
(c)m+nm!n!

xmyn max{|x|, |y|} < 1

F2(a, b, b
′, c, c′;x, y) =

∞∑
m=0

∞∑
n=0

(a)m+n(b)m(b′)n
(c)m(c′)nm!n!

xmyn |x|+ |y| < 1

F3(a, a
′, b, b′, c;x, y) =

∞∑
m=0

∞∑
n=0

(a)m(a′)n(b)m(b′)n
(c)m+nm!n!

xmyn max{|x|, |y|} < 1

F4(a, b, c, c
′;x, y) =

∞∑
m=0

∞∑
n=0

(a)m+n(b)m+n

(c)m(c′)nm!n!
xmyn

√
|x|+

√
|y| < 1
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Objective

Analyze the asymptotic behaviour of the Appell’s functions for
large values of x and/or y.

Appell’s function Asymptotic expansions Paper
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F1(a, b, b
′, c;x, y) large values of x and/or y 2004

F2(a, b, b
′, c, c′;x, y) large values of x and y 2010

F3(a, b, b
′, c, c′;x, y) large values of x and y

F4(a, b, b
′, c, c′;x, y) large values of one variable
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F2(a, b, b
′, c, c′;x, y) large values of one variable

F3(a, b, b
′, c, c′;x, y) large values of one variable

F4(a, b, b
′, c, c′;x, y) large values of x and y
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Outline

1 Known results

2 The second Appell’s function F2 for one large variable

3 The third Appell’s function F3 for one large variable

4 Future work (F4 for two large variables)
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

The first Appell’s function F1

C. Ferreira and J. L. López, Asymptotic expansions of the Appell

function F1, Q. Appl. Math., 62 vol. 2 (2004), 235–257.

F1(a, b, c, d;x, y) ≡ Γ(d)
Γ(d− a)Γ(a)

∫ 1

0
sa−1(1−s)d−a−1(1−sx)−b(1−sy)−cds

where <(a) > 0, <(d− a) > 0, x /∈ [1,∞) if b ≥ 1, and y /∈ [1,∞)
if c ≥ 1

Asymptotic method for Mellin
convolution integrals
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

Asymptotic expansion of F1 for one large variable

For <a > 0, <(d− a) > 0, |Arg(z)| < π and y − 1 /∈ R+ ∪ {0} if
<c ≥ 1

First Appell’s function: F1(a, b, c, d; 1− z, y)

Asymptotic expansion of F1 for one large variable

1 + a− b /∈ Z
n−1∑
k=0

B̂k
zk+b

+
n−b<(1−b+a)c−1∑

k=0

Âk
zk+a

1 + a− b ∈ Z
b−a−1∑
k=0

Âk
zk+a

+
n−1∑
k=0

B̃k log(z)− C̃k
zk+b
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

Asymptotic expansion of F1 for two large variables

For <a > 0, <(d− a) > 0, |Arg(xz)| < π and |Arg(yz)| < π,

First Appell’s function: F1(a, b, c, d; 1− xz, 1− yz)

Asymptotic expansion of F1 for two large variables

1 + a− b− c /∈ Z
n−1∑
k=0

B̂k
zk+b+c

+
n−b<(1+a−b−c)c−1∑

k=0

Âk
zk+a

1 + a− b− c ∈ Z
b+c−a−1∑
k=0

Âk
zk+a

+
n−1∑
k=0

B̃k log(z)− C̃k
zk+b+c
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

The second Appell’s function F2

E. Garćıa and J. L. López, The Appell’s function F2 for large

values of its variables, Q. Appl. Math., 68 vol. 4 (2010), 701–712.

F2(a, b, b′, c, c′;x, y) =
1

Γ(a)

∫ ∞
0

e−ssa−1
1F1(b, c;xs)1F1(b′, c′; ys)ds

where a > 0 and <(x+ y) < 1

Asymptotic method for Mellin
convolution integrals
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

Asymptotic expansion of F2 for two large variables

For <x < 0, <y < 0, a > 0 and b+ b′ > 0, F2(a, b, b′, c, c′;x, y)

Asymptotic expansion of F2 for two large variables

b+ b′ − a /∈ Z
n−1∑
k=0

B̂k(x/y)

xk+b+b′
+

m−1∑
k=0

Âk(x/y)

xk+a

b+ b′ − a ∈ N
b+b′−a−1∑

k=0

Âk(x/y)

xk+a
+

n−1∑
k=0

C̃k(x/y)− B̃k(x/y) log(−x)
xk+b+b′

a− b− b′ ∈ N
a−b−b′−1∑

k=0

B̂k(x/y)

xk+b+b′
+

m−1∑
k=0

C̃k+a−b−b′(x/y)− B̃k+a−b−b′(x/y) log(−x)
xk+a
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The first Appell’s function F1
The second Appell’s function F2
The third Appell’s function F3
The fourth Appell’s function F4

The third Appell’s function F3
A. Erdelyi, Higher transcendental functions, Vol I, McGraw-Hill,

New York, 1953. Formula 5.11(10)

F3(a, a′, b, b′, c;x, y) =
∑ Γ(c)Γ(ρ− λ)Γ(σ − ν)

Γ(ρ)Γ(σ)Γ(c− λ− ν)
(−x)−λ(1− y)−ν

× F2(a+ a′ + 1− c, a, a′, a+ 1− b, a′ + 1− b′; 1/x, 1/y)

where the sum consists of four terms in which

1st 2nd 3rd 4th

λ a a b b

ν a′ b′ a′ b′

ρ b b a a

σ b′ a′ b′ a′
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The third Appell’s function F3
The fourth Appell’s function F4

The fourth Appell’s function F4

A. Erdelyi, Higher transcendental functions, Vol I, McGraw-Hill,

New York, 1953. Formula 5.11(9)

F4(a,b, c, c′;x, y)

=
Γ(c′)Γ(b− a)
Γ(c′ − a)Γ(b)

(−c)−aF4(a, a+ 1− c′, c, a+ 1− b;x/y, 1/y)

+
Γ(c′)Γ(a− b)
Γ(c′ − b)Γ(a)

(−c)−bF4(b+ 1− c′, b, c, b+ 1− a;x/y, 1/y)
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1 Known results

2 The second Appell’s function F2 for one large variable

3 The third Appell’s function F3 for one large variable

4 Future work
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Starting point

F2(a, b, b′, c, c′;x, y) =
Γ(c)Γ(c′)

Γ(b)Γ(b′)Γ(c− b)Γ(c′ − b′)

×
∫ 1

0
du

∫ 1

0

ub−1vb
′−1(1− u)c−b−1(1− v)c

′−b′−1

(1− ux− vy)a
dv,

where <c > <b > 0, <c′ > <b′ > 0, x, y ∈ C

Objective: asymptotic expansions of
F2(a, b, b′, c, c′;x, y) for large negative

values of x and fixed a, b, b′, c, c′, y

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions



Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F2
Numerical experiments

After the change of variables x̃ := −1/x, u→ x̃u and x̃→ 0+

F2(a, b, b′,c, c′;−1/x̃, y) = x̃b
Γ(c)Γ(c′)

Γ(b)Γ(b′)Γ(c− b)Γ(c′ − b′)

×
∫ 1/x̃

0
du

∫ 1

0

ub−1vb
′−1(1− xu)c−b−1(1− v)c

′−b′−1

(1 + u− vy)a
dv,

with <c > <b > 0, <c′ > <b′ > 0 and y /∈ [1,+∞) if <(a) ≥ 1
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F2(a, b, b′,c, c′;−1/x̃, y) = x̃b
Γ(c)Γ(c′)

Γ(b)Γ(b′)Γ(c− b)Γ(c′ − b′)

×
∫ 1

0
vb
′−1(1− v)c

′−b′−1dv

∫ ∞
0

h(x̃u)fv(u)du,

with x̃→ 0+,
h(u) = (1− u)c−b−1χ[0,1)(u)

and

fv(u) =
ub−1

(1 + u− vy)a
=

ub−a−1(
1 + 1−vy

u

)a
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Asymptotic method

J. L. López, Asymptotic expansions of Mellin convolution integrals,

SIAM Rev., 50 n. 2 (2008), 275–293.

∫ ∞
0

h(xt)f(t)dt

Functions f(t) and h(t) are locally integrable on [0,∞) and

f(t) h(t)

t =∞
n−1∑
k=0

ak
tαk

+O(t−αn) O(t−β), β ∈ R

t = 0+ O(t−α), α ∈ R
m−1∑
k=0

bkt
βk +O(tβm)
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h(u) = (1− u)c−b−1χ[0,1)(u), fv(u) =
ub−a−1(

1 + 1−vy
u

)a
1 Functions fv(t) and h(t) are locally integrable on [0,∞)

2 fv(t)
t =∞:

fv(t) =
n−1∑
k=0

Ak
tk+1+a−b + fn,v(t), Ak :=

(−1)k(1− vy)k(a)k
k!

t = 0+: fv(t) = O(t−(1−b))

3 h(t)

t = 0+: h(t) =
m−1∑
k=0

Bkt
k + hm(t), Bk :=

(1 + b− c)k
k!

t =∞: h(t) = O(t−(1+b−c))
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The non-logarithmic case

J. L. López, Asymptotic expansions of Mellin convolution integrals,

SIAM Rev., 50 n. 2 (2008), 275–293.

When b− a /∈ Z :

∫ ∞
0

h(x̃u)fv(u)du =
n−1∑
k=0

AkM [h; b− a− k]x̃k+a−b

+
m−1∑
j=0

BjM [f ; j + 1]x̃j +
∫ ∞

0
fn,v(u)hm(x̃u)du,

where n = m+ bb− ac and M [g; z] is the Mellin transform of a
function g ∈ LLoc(0,∞): M [g; z] =

∫∞
0 g(t)tz−1dt
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The non-logarithmic case

When b− a /∈ Z :

∫ ∞
0

h(x̃u)fv(u)du =
n−1∑
k=0

Ak
Γ(c− b)Γ(b− a− k)

Γ(c− a− k)
x̃k+a−b

+
m−1∑
j=0

Bk(1− vy)j+b−a
Γ(a− b− j)Γ(j + b)

Γ(a)
x̃j +

∫ ∞
0

fn,v(u)hm(x̃u)du,

where
∫∞
0 fn,v(u)hm(x̃u)du = O(x̃m+bb−ac+a−b)
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The non-logarithmic case

When b− a /∈ Z :

F2(a, b, b′, c, c′;x, y) =
Γ(c)
Γ(b)

n−1∑
k=0

Âk
xk+a

+
Γ(c)
Γ(a)

m−1∑
k=0

B̂k
xk+b

+Rm(x)

where

Âk =
(−1)a(a)k

k!
Γ(b− a− k)
Γ(c− a− k)2F1(b′,−k, c′; y),

B̂k =
(−1)b(b)k

k!
Γ(a− b− k)
Γ(c− b− k) 2F1(b′, a− b− k, c′; y),

and Rm(x) = O(x−m−a−bb−ac) when x→ −∞
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The logarithmic case I

J. L. López, Asymptotic expansions of Mellin convolution integrals,

SIAM Rev., 50 n. 2 (2008), 275–293.

When b− a ∈ N :

∫ ∞
0

h(x̃u)fv(u)du =
b−a−1∑
j=0

AjM [h; b− a− j]x̃j+a−b

+
m−1∑
j=0

x̃j
{

lim
z→0

[Aj+b−aM [h; z − j] +BjM [f ; z + j + 1]]−Aj+b−aBj log x̃
}

+
∫ ∞

0
fn,v(u)hm(x̃u)du,
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The logarithmic case I

When b− a ∈ N :

∫ ∞
0

h(x̃u)fv(u)du =
b−a−1∑
j=0

Aj
Γ(c− b)Γ(b− a− j)

Γ(c− a− j)
x̃j+a−b

+
m−1∑
j=0

x̃j
{

(−1)b−a(1− vy)j+b−a(b)j
(j + b− a)!j!

Γ(b)Γ(c− b)
Γ(a)Γ(c− b− j)

[ψ(j + b− a+ 1)

+ ψ(j + 1) −ψ(j + b)− ψ(c− b− j)− log(1− vy)]−Aj+b−aBj log x̃
}

+
∫ ∞

0
fn,v(u)hm(x̃u)du.

where
∫∞
0 fn,v(u)hm(x̃u)du = O(x̃m log x̃)
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Starting point
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The logarithmic case I

When b− a ∈ N :

F2(a, b, b′, c, c′;x, y) =
Γ(c)
Γ(b)

b−a−1∑
j=0

Âj
xj+a

+
Γ(c)
Γ(a)

m−1∑
j=0

[C̃j + B̃j log(−x)]
xj+b

+Rm(x)

B̃j :=
(−1)j+2b−a

j!(j + b− a)!
(b)j

Γ(c− b− j)2F1(b′, a− b− j, c′; y),

C̃j :=B̃j

{
[ψ(j + b− a+ 1) + ψ(j + 1)− ψ(j + b)− ψ(c− b− j)]

− 1
2F1(b′, a− b− j, c′; y)

d

dz
2F
′
1(b′,−z, c′; y)

∣∣∣∣
z=j+b−a

}
and Rm(x) = O(x−m−b log(−x)) when x→ −∞.
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The logarithmic case II

When a− b ∈ N :

F2(a, b, b′, c, c′;x, y) =
Γ(c)
Γ(a)

a−b−1∑
j=0

B̂j
xj+b

+
Γ(c)
Γ(b)

n−1∑
j=0

[C̃j + B̃j log(−x)]
xj+a

+Rm(x)

B̃j :=
(−1)j+2a−b(a)j

j!(j + a− b)!Γ(c− a− j)2F1(b′,−j, c′; y),

C̃j :=B̃j

{
[ψ(1 + j + a− b) + ψ(1 + j)− ψ(a+ j)− ψ(c− a− j)]

− 1
2F1(b′,−j, c′; y)

d

dz
2F
′
1(b′,−z, c′; y)

∣∣∣∣
z=j

}
and Rm(x) = O(x−m−b log(−x)) when x→ −∞.
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Asymptotic expansions of F2
Numerical experiments

The non-logarithmic case: b− a /∈ Z

a = 1/2, b = b′ = 1, c = c′ = 1.5, y = 0.5

m x = −10 x = −100 x = −1000

1 0.004246 0.000123 3.7e−6

2 0.000180 5.3e−7 1.6e−9

3 9.6e−6 2.8e−9 8.8e−13

a = 5, b = b′ = 0.5, c = c′ = 1, y = −0.75 + i

n x = −10 x = −100 x = −1000

1 0.009286 0.000879 0.000087

2 0.000620 5.1e−6 5.0e−8

3 0.000116 1.0e−7 9.6e−11
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The logarithmic case I: b− a ∈ N

a = 1, b = b′ = 2, c = c′ = 2.5, y = 0.5

n x = −10 x = −100 x = −1000

1 0.003193 0.000051 7.2e−7

2 0.000142 2.3e−7 3.3e−10

3 7.5e−6 1.2e−9 1.9e−13

a = 0.5, b = b′ = 2.5, c = c′ = 3.75, y = −1.5

n x = −10 x = −100 x = −1000

1 0.013396 0.000016 1.9e−8

2 0.000773 1.0e−7 1.3e−11

3 0.000081 6.4e−10 1.4e−14
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Asymptotic method
Asymptotic expansions of F3
Numerical experiments

1 Known results

2 The second Appell’s function F2 for one large variable

3 The third Appell’s function F3 for one large variable

4 Future work
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Starting point

F3(a, a′, b, b′,c;x, y) =
Γ(c)

Γ(b)Γ(b′)Γ(c− b− b′)

×
∫ 1

0
du

∫ 1−u

0

ub−1vb
′−1(1− u− v)c−b−b

′−1

(1− ux)a(1− vy)a′
dv,

where <(c− b− b′) > <b > 0, <b′ > 0, x, y ∈ C

Objective: asymptotic expansions of
F3(a, a′, b, b′, c;x, y) for large negative

values of y and fixed a, a′, b, b′, c, x
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

After the change of variables ỹ := −1/y, u→ ỹu and ỹ → 0+

F3(a, a′,b, b′, c;x,−1/ỹ) =
ỹc−b

(1− x)a
Γ(c)

Γ(b)Γ(c− b)

×
∫ 1/ỹ

0

(1− ỹu)b−1(
1 + xỹ

1−xu
)auc−b−1

2F1(a′, b′, c− b;−u)du,

with <(c− b− b′) > <b > 0, <b′ > 0 and x /∈ [1,∞) if <(a) ≥ 1
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

F3(a, a′, b, b′, c;x,−1/ỹ) =
ỹc−b

(1− x)a
Γ(c)

Γ(b)Γ(c− b)

∫ ∞
0

hx(ỹu)f(u)du

with ỹ → 0+,

hx(u) =
(1− u)b−1(
1 + x

1−xu
)aχ[0,1)(u)

and
f(u) = uc−b−1

2F1(a′, b′, c− b;−u)
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Replace 2F1 [Abramowitz, 5.3.7+15.1.1] and, for <(c− b− a′) > 0
and a′ 6= b′, we have f(u) = C1f1(u) + C2f2(u):

∫ ∞
0

hx(ỹu)f(u)du = C1

∫ ∞
0

hx(ỹu)f1(u)du+C2

∫ ∞
0

hx(ỹu)f2(u)du,

f1(u) = uc−b−1−a′
2F1(a′, 1− c+ b+ a′, 1− b′ + a′;−1/u)

f2(u) = uc−b−1−b′
2F1(b′, 1− c+ b+ b′, 1− a′ + b′;−1/u)

and

C1 =
Γ(c− b)Γ(b′ − a′)
Γ(b′)Γ(c− b− a′)

, C2 =
Γ(c− b)Γ(a′ − b′)
Γ(a′)Γ(c− b− b′)
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

1 Functions f1(u), f2(u), hx(u) are locally integrable on [0,∞)

2 f1(t), f2(t)

t =∞: f1(t) =
n−1∑
k=0

A1
k

tk+1−c+b+a′ + f1n(t),

A1
k := (−1)k(a′)k(1−c+b+a′)k

k!(1−b′+a′)k

t =∞: f2(t) =
n−1∑
k=0

A2
k

tk+1−c+b+b′ + f2n(t),

A2
k := (−1)k(b′)k(1−c+b+b′)k

k!(1−a′+b′)k

3 hx(t)

t = 0+: hx(t) =
m−1∑
k=0

Bkt
k + hxm(t),

Bk := (−1)k(a)k

k!

(
x

1−x

)k
2F1

(
1− b,−k, 1− a− k; x−1

x

)
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Asymptotic expansions of F3

−c+ b+ a′ /∈ Z −c+ b+ a′ ∈ Z

−c+ b+ b′ /∈ Z I II

−c+ b+ b′ ∈ Z III IV

Washington 2011 Asymptotic expansions of the 2nd and 3rd Appell’s functions



Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case I

For <(c− b− b′) > <b > 0, <b′ > 0, <(c− b− a′) > 0, a′ 6= b′

and x /∈ [1,∞) if <(a) ≥ 1

When α1 = −c+ b+ a′ /∈ Z and α2 = −c+ b+ b′ /∈ Z :

F3(a, a′,b, b′, c;x, y) =
Γ(c)π

(1− x)aΓ(a′)Γ(b′) sin(π(a′ − b′))

{
n1−1∑
k=0

Â1
k

yk+a′

−
n2−1∑
k=0

Â2
k

yk+b′
+

(−1)c−b

πΓ(b)

m−1∑
k=0

B̂1
k − B̂2

k

yk+c−b

}
+Rm(y)
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

where for i, j = 1, 2 and j 6= i

Âik =
(−1)k+1+αi+c−bΓ(k + αi + c− b)
k!Γ(−k − αi + b)Γ(k + 1 + αi − αj)

2F1

(
a,−k − αi,−k − αi + b;

x

x− 1

)
,

B̂ik = (a)kΓ(c− b+ k)
(

x

1− x

)k
2F1

(
1− b,−k, 1− a− k;

x− 1
x

)
× sin(παi)Γ(αi − k)

Γ(k + 1− αj)
,

and Rm(x) = O(y−m−d−bc−b−dc), d = max{a′, b′} when
y → −∞.
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case II

For <(c− b− b′) > <b > 0, <b′ > 0, <(c− b− a′) > 0, a′ 6= b′

and x /∈ [1,∞) if <(a) ≥ 1

When α1 = −c+ b+ a′ ∈ Z− and α2 = −c+ b+ b′ /∈ Z :

F3(a, a′, b, b′, c;x, y) =
Γ(c)π

(1− x)aΓ(a′)Γ(b′) sin(π(a′ − b′))

×

{
c−b−a′−1∑

k=0

Â1
k

yk+a′
−
n2−1∑
k=0

Â2
k

yk+b′
(−1)c−b

πΓ(b)
−
m−1∑
k=0

B̂2
k

yk+c−b

}
+Rm(y)

and Rm(x) = O(y−m−b
′−bc−b−b′c) when y → −∞.
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case III

For <(c− b− b′) > <b > 0, <b′ > 0, <(c− b− a′) > 0, a′ 6= b′

and x /∈ [1,∞) if <(a) ≥ 1

When α1 = −c+ b+ a′ /∈ Z and α2 = −c+ b+ b′ ∈ Z− :

F3(a,a′, b, b′, c;x, y) =
Γ(c)π

(1− x)aΓ(a′)Γ(b′) sin(π(a′ − b′))

×

{
n1−1∑
k=0

Â1
k

yk+a′
−
c−b−b′−1∑

k=0

Â2
k

yk+b′
+

(−1)c−b

πΓ(b)

m−1∑
k=0

B̂1
k

yk+c−b

}
+Rm(y),

and Rm(x) = O(y−m−a
′−bc−b−a′c) when y → −∞.
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case I: −c + b + a′,−c + b + b′ /∈ Z

a = 0.75, a′ = 1.2, b = 1, b′ = 0.3 , c = 2.5, x = 0.1

m y = −10 y = −50 y = −100

1 0.00569 2.9e-4 8.2e-5

2 9.6-5 1.e-6 1.4e-7

3 5.e-6 1.e-8 7.6e-10

a = 2.5, a′ = 0.2, b = 1.5, b′ = 0.3 , c = 3.5, x = 0.75 + i

m y = −10 y = −100 y = −1000

1 0.001629 1.8e-5 1.9e-7

2 0.00012 1.4e-7 1.45e-10

3 1.e-5 1.2e-9 1.2e-13
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case II: −c + b + a′ ∈ Z−,−c + b + b′ /∈ Z

a = 1.2, a′ = 3, b = 1, b′ = 1.4 , c = 5, x = −1.5

m y = −10 y = −50 y = −100

1 0.00422 2.2e-5 2.5e-6

2 0.00039 4.5e-7 2.9e-8

3 2.8e-5 7.3e-9 2.4e-9

a = 0.7− 2i, a′ = 1, b = 1.2, b′ = 1.4 + i , c = 4.2, x = −0.5

m y = −10 y = −50 y = −100

1 0.0023 4.4e-5 8.6e-6

2 0.0001 3.7e-7 3.6e-8

3 5.6e-6 3.7e-9 1.7e-10
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point
Asymptotic method
Asymptotic expansions of F3
Numerical experiments

Case III: −c + b + a′ /∈ Z,−c + b + b′ ∈ Z−

a = 2.3, a′ = 1 + i, b = 1.2, b′ = 1 , c = 4.2, x = −2.5

m y = −10 y = −50 y = −100

1 0.00037 1.8e-6 2.e-7

2 2.e-5 2.2e-8 1.2e-9

3 1.2e-6 2.8e-10 6.e-11

a = 0.5 + 2i, a′ = 1.5, b = 1, b′ = 2 , c = 5, x = 0.5− i

m y = −10 y = −50 y = −100

1 0.06 0.00027 2.9e-5

2 0.0043 4.e-6 2.e-7

3 0.0003 5.6e-8 1.7e-9
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point

1 Known results

2 The second Appell’s function F2 for one large variable

3 The third Appell’s function F3 for one large variable

4 Future work
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point

Starting point

F4(a, b, c, c′; x̃(1− y), y(1− x̃)) =
Γ(c)Γ(c′)

Γ(a)Γ(b)Γ(c− a)Γ(c′ − b)

×
∫ 1

0
du

∫ 1

0
dv

ua−1vb−1(1− u)c−a−1(1− v)c
′−b−1

(1− ux̃)c+c′−a−1(1− vy)c+c′−b−1(1− ux̃− vy)a+b−c−c′+1

where <c > <a > 0, <c′ > <b > 0.

Objective: asymptotic expansions of
F4(a, b, c, c′; x̃(1− y), y(1− x̃)) for large

values of x̃)
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point

After the change of variables x := −1/x̃ and u→ xu

F4(a, b, c, c′; x̃(1− y), y(1− x̃)) =
Γ(c)Γ(c′)

Γ(a)Γ(b)Γ(c− a)Γ(c′ − b)
xa

×
∫ 1/x

0
du

∫ 1

0
dv

ua−1vb−1(1− xu)c−a−1(1− v)c
′−b−1

(1 + u)c+c′−a−1(1− vy)c+c′−b−1(1 + u− vy)a+b−c−c′+1

with <c > <a > 0, <c′ > <b > 0
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Known results
The second Appell’s function F2 for one large variable

The third Appell’s function F3 for one large variable
Future work

Starting point

F4(a, b, c, c′; x̃(1− y), y(1− x̃)) =
Γ(c)Γ(c′)

Γ(a)Γ(b)Γ(c− a)Γ(c′ − b)
xa∫ 1

0

vb−1(1− v)c
′−b−1

(1− vy)c+c′−b−1
dv

∫ ∞
0

h(xu)fv(u)du

with
h(u) = (1− u)c−a−1χ[0,1)(u)

and

fv(u) =
ua−1

(1 + u)c+c′−a−1(1 + u− vy)a+b−c−c′+1
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